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Abstract: We describe geometrically the classical and quantum inhomoge- 
neous groups G = (SL(2,C) > C 2 ) and G x = (SX(2,C) > C 2 ) > C by study- 
ing explicitly their shape algebras as a spaces of polynomial functions with a 
quadratic relations. 

1 Introduction 

The problem of describing quantum inhomogeneous group G, semi-direct pro- 
duct of a semi simple group by an abelian or more generally solvable normal 
subgroup is still not totally solved ||. The main difficulty is the incompletness 
of the family of irreducible finite dimensional representations for these groups. 

In the order to overpass this problem, we have either to consider infinite 
dimensional irreducible representations or finite dimensional indecomposable 
representations. 

This last family of representations is very large and hard to describe (generally 
we don't have a classification for such representations). But in the case where the 
inhomogeneous group is a subgroup of a semi simple one S, we can try to restrict 
ourselves to the family of restrictions to G of irreducible finite dimensional 
representations of S. 

On the other hand, C. Ohn gave a geometrical description of the quantum 
group G — SL(n,C) 0, by defining its shape algebra as the space of regular 
sections of the line bundles over some sheme in the flag manifold pL or as the 
space of regular functions on a manifold / 1 jj. 

In this paper, we intend to describe explicitly the simplest examples of shape 
algebra for an inhomogeneous quantum group by using the geometric approach 
of C.Ohn. 
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More precisely, we are looking at two subgroups G\ and Go of G = SL(3,C), 
wich are inhomogeneous of the form (SL(2, C) > C 2 ) > C and (SL(2, C) > C 2 ). 
In the Drinfeld-Jimbo quantum universal enveloping algebra U q {s [(3, C)), there 
is a sub-bigebra which is the quantum version U q (g 1 ) of the classical enveloping 
algebra of g x . Unfortunately, there is no quantum subalgebra associated to Go 
in W,(fi[(3,C)). 

Wc intend to study, geometrically, this phenomena, thus we describe the classical 
shape algebras for G\ and Go as regular functions under the complex manifolds 
G i /jj and G o / v . The first one is dense inside ^ jjj but for the second one 

G o J ^ is a closed submanifold of ^ / jj of smaller dimension. 

In our opinion this is the geometrical presentation of the fact that Go is not a 

quantum subgroup of G. 

We can, finally, quantify the shape algebra of Gi by following the same com- 
putation as for SL(3). The paper is organized as follows, after recalling our 
notations and the presentation of U q (g 1 _) in part 2, we describe explicitly the 
classical shape algebra for G = SL(3, C) as a space of polynomial functions or 
as a quadratic associative algebra generated by particular functions pi and qj 
with explicit quadratic relations. 

In part 4, we recall the C. Ohn construction for the quantum shape algebra of 
G. As a result, this algebra is still quadratic, generated by the pi and qj with 
explicit deformed relations. 

In the two last part, we describe first the classical shape algebras for Go and Gi 
as algebras of polynomial functions, then the quantum shape algebra for Gi , as 
an explicit quadratic associative algebra generated by Pi, qj and l/q 3 . 



2 Notations and preliminaries 

In this paper, we shall consider the following Lie groups: 

(xi yi z x \ 
x 2 y 2 z 2 , det<? = l} 
x 3 2/3 z 3 J 

(xi yi \ 
X2 V2 , dct 3l = l} 

x 3 2/3 z 3 J 

and 

(x\ 2/i \ 
x 2 2/2 , dot .go = l}. 
x 3 2/3 1 / 

G being simple, there exists quantum versions of G. Especially here, we consider 
the well known Drinfeld-Jimbo quantum universal enveloping algebra U q (g) for 
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g = s[(3, C), it is defined by its generators K 1 , K 2 , X\ , X 2 , Yi,Y 2 and the rela- 
tions: 

K X K- X = K- X K X = 1 

K 2 K 2 X = K 2 X K 2 = 1 K X K 2 = K 2 K X (*) 

KiXiK^ 1 = q 2 X x KxYiK^ 1 = g- 2 Y! K X X 2 K^ = q^X 2 

K 1 Y 2 K^[ 1 = qY 2 K 2 X X K 2 X = q- x X x K 2 YxK 2 x = qY x 

K 2 X 2 K 2 X = q 2 X 2 K 2 Y 2 K 2 l = q- 2 Y 2 X 2 Y Y - Y t X 2 = 

X X Y 2 -Y 2 X 1 = {) XiFi - YlXi = K 'Zn-\ X 2Y 2 -Y 2 X 2 = K *Z?-\ 



and 

X 2 X 2 - (q + q^X^Xi+X^ 2 = Y?rY 2 - {q+q-^Y^+Ytf? = 
X 2 X X - (q + q-^X^ + X^ 2 = Yfri - (q + q-^Yfo+Ytf 2 = 

The coalgebra structure on U q {g) is defined by the following coproduct: 

&Kf 1 =Kf 1 ®Kf 1 AX 1 = X 1 ®1+K 1 ®X 1 AY 1 =Y 1 ®Ki 1 + l®Y 1 
AK 2 1 =K 2 1 ®K 2 1 AX 2 = X 2 ®1+K 2 ®X 2 &Y 2 =Y 2 ®K 2 1 + l®Y 2 

The generators Kf x are formally identified with e ±tHi if Hi and H 2 are the 
usual basis for the Cartan subalgebra : 



#i=0-10 H 9 = 





Xi and Yi are the root vectors associated to simple roots : 



Xi = X 







y 1 = I 1 I v, 
000 

and t and g are formally related by e* = <?. 

Since the Lie algebras jj and 0! of Go and Gi are subalgebras of g, the 
classical universal enveloping algebras U(go) and W(fli) are subalgebras of ZY(fl). 
Unfortunately, this does not hold at the quantum level. 

Lemma 1 

U q {Qi) is a sub-bigebra ofU q (g) but A(U q (go j) is not included inU q {go)®U q {go). 
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Indeed, the bigebra U q {Q\) can be written as 



UM= T(Kt\Kt\X 1) Y 1 ,Y 2 ) 



T{Kf\Kf\X l ,Y 1 ,Y 2 )nI 



where T(Kf x , K 2 X , X\,Yi,Y 2 ) is the tensor algebra generated by Kf 1 , K^ 1 , X\, 
Y\ and Y 2 and / is the ideal given by relations (*) in which the generator X 2 
does not arise. Moreover, the coproduct A of U q (sl(3,C)) can be restricted to 
Uq{gi) as : 

A lw,( fll ) :W ?(fli) -^W?(fli)®W 9 (fli)< 

Neverthless, the set of generators of U q (g ) does not contain K 2 . Since K 2 arise 
in the expression of AY 2 , then U q (Q ) is not included in U q (Q ) ®U q (Q Q ). 

Due to this fact, many authors, attempting to describe inhomogeneous quan- 
tum goups like SL{2, C) >C 2 , prefer to add a central dilatation (the K 2 element 
here) to build their model (see || for instance). 

In this paper, we want to give another point of view more geometrical for this 
phenomena. Our starting point is the description, by C. Ohn [|], of quantum 
SX(3, C) and its shape algebra. 



3 Borel-Weil-Bott theorem for 5L(3, c) 

To describe SL q (3,C), we need an explicit realization for each irreducible uni- 
tary representation of SL(3, C) and their tensor product. The unitary irre- 
ducible representation of SX(3,C) arc acting on the space of sections of line 
bundles over / n, where B is the Borel subgroup Q]: 



a± bi c\ 
B = {b=\ b 2 c 2 
c 3 

The characters Xnmz °f B have the following form 
We denote the corresponding principal bundle by: 



det&= 1} 



(ni,n 2 e Z). 



G x 



G 



Xn 1 ,n 2 



B 



(an element of G x Xn n C is an equivalence class [g,z\ = [gb, Xni,na(^) lz ] m 
G x C). 

G / B is the flag manifold D of C 3 : 



D = 







Xl 




yi 


x 2 


,c 


x 2 


+ C 


2/2 


. X 3 




. X 3 




. 2/3 . 



} - {fa]) [Q], P-Q = Pm +P3Q3 = o} 
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where the elements [p] and [q] of P(C 3 ) are respectively the line through 



P = 



Pi = Xl 
P2 = x 2 
P3 = x 3 



and the line trough q = 



Ql = X2V3 - X 3 V2 

q2 = x 3 yi - x x y 3 
93 = xiy 2 - x 2 yi 



The space of holomorphic sections of the line bundle G x, 



C - G / B 1 

non trivial if and only if m > and n 2 > 0. A section is a regular homogeneous 
function / from G to C such that : 

f(gb) = XnunM-'fia), v 5 g g,v& g b. 

Let J7 be the unipotent subgroup : 



is 



f7= {u 



We can describe the homogeneous space / jj as the submanifold of C 6 defined 
by : 

G / u ~ { P e C 3 \{0}, geC 3 \{0}, P .<z = 0}. 




^/[/ is thus an affine submanifold of C 6 , we shall consider its closure ^ /jj in 
the usual embeding of C 6 into P(C 7 ): 



a /u = ( 



P 

q 
l 



GP(C 7 ), p.q = 0} 



Lemma 2 (Extension of sections) 

For each n\,n 2 in N, the sections of G X x C — > ^/^j can &e viewed as 
regular functions on ^ /jj- 

Proof: Since x ni ,„ 2 is trivial on U, f gives rise to a function, still denoted / 
on %. 

If Pi 7^ and o 3 7^ 0, then 

fx 1 y 1 z 1 \ ( P. \ / 1 % % \ 

u 2 y 2 22 = u £ 1 Z2X \r" ■ 

\x 3 y 3 z 3 J \P3 f ^/ \0 1 ; 

Let / be a section of our line bundle, then, after division by det k (g) with a well 
choice of k,f is polynomial homogeneous in the (x, y, z) variables with degree 
ni + n 2 in x, n 2 in y, in z or : 
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Pi being polynomial in p and q, homogeneous with degree n\ + n 2 in p and 
homogeneous with degree n 2 in q. 

Similarly, on the open subset p 2 ^ 0, p$ ^ 0, we can write : 

/O, V, z) = and /(z, y, z) = 

P2 P3 

On the other hand, the ideal (pq) generated by pq — p\q\ is 
prime. Indeed, if P and Q are polynomials such that: 

PQ = {pq).R, 

then, by division in C(qi)[pi,p2,P3, 92, 93], we get polynomial functions T, 5, T", 5' 
such that: 

g^P = (pq)T + 5 and Q = {pq)T' + 5' 
with deg pi 5 = deg pi S' = 0. Or : 

«f(pg)ii = (pq){( P q)TT' + T5' + T'5) + 55' 



Thus 55' = (pq)R\ this implies R' = and 5 or 5' = 0. If for instance 5 = 
then 

giP = ( P q)T 

Then val 9l (T) > I or T = ^T', P = (pq)T' is in (pq). 
Now by the Nullstcllensatz, our equation: 

Pi P2 

f = — = — PlJ^O, P2^0 p.q = 
Pi P2 

can be written as: 

p¥Pi~ P n 1 2 P2 = (pq)Q- 

Thus val( pi;P2 )Q > n 2 or Q = Y^LqPT~~ 1 PiQj- From that we get : 

U2 — 1 

p?(Pi - (pq)Qn 2 )-pT(P2 - (pq)Qo) = ( P q)PiP2 £ pT'^pt'Qj- 

i=i 

Thus 

val Pl (Pi - (pq)Q n2 ) > 1, val P2 (P 2 - (pq)Qo) > 1 

And 

Pi - (pq)Q n2 = pi Pi', p 2 - (pq)Qo = P2P2 

then 

pi pi 

r i ^2 



f 



pT- 1 pT" 1 



and by induction there exists a polynomial function P in the variables p, q such 
that / = P on G / u . 
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We shall call Oip J 'jj) the shape algebra of the classical group SX(3, C). 
The multiplication in this algebra: 



O( G /[7)®0( G /c/)^O( G /[/) 

is the dual form of the classical comultiplication A on U(sl(3)). If u belongs to 
U(si(3)) and if /i,/2 belongs to Oip /jj), we can put : 

A«(/i®/ a )(e,e)=ti(/i/ 2 )(e) 

(in fact AX = 1 <g) X + X ® 1 for any X in s[(3, C)) and A is a morphism from 
W(sl(3)) intoW(st(3))«iW(st(3)). 

We can also see, as C. Ohn did in Q, the space H Q {^ / -g, Xm,n 2 ) 01 poly- 
nomial functions homogeneous with degree n\ in p and n-i in g as the dual 
Vn 1 Tz, 1 +n 2 TD 2 01 the "algebraic" space v nimi+n2 ^ 2 . If ccji and vj 2 stands for 
the fundamental weights, v nit ^ 1+n2t ^ 2 is the carrying space of irreducible rep- 
resentation of SX(3,C) with highest weight A = n\w\ + U2V02- If V 1 is C 3 
with canonical basis ei,e2,es, then ]/"i ro i+"2^2 j s explicitly realized as the 
submodule of (V 1 )®" 1 ® (V 1 A T/ 1 )®" 2 generated by the highest weight vector 
v\ = (ei)®" 1 (& (ei A e 2 )®" 2 . Denote F 2 the space V 1 AV 1 , we get an inclusion 
mapping: 

The natural identification between H°(^ / j^, Xm,n 2 ) an d T4. iroi +„ 2ra2 being 

^ ^ ^ / riiroi+ri2ro2 1 ^ / 

such that /(<?) = ip(g.v\), for any 5 in G. 

The multiplication m is thus the transposition of the family of injections : 



In fact as an algebra, Q(f* j jj) is generated by V\ and V2 the duals of the funda- 
mental representation of SL(3, C) i.e. by the linear functions pi,p2,P3, ?i, 92, 93 
and sixteen quadratic relations : 

/',/'.. = PjPi (i < j) '/.'/- = '/,'/, < i) 

= QjPi (i ^ j) PiQi = QiPi P-Q = 

We can replace the four last relations by : 

Pi qi = q\P\ P3<73 = <?3P3 

P2<?2 + q\P\ + <73P3 = q 2 P2 +Piqi+ P3<?3 = 
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4 The C. Ohn construction 



C. Ohn gave a more geometrical construction for the shape algebraQ. Let us 
recall quickly here, in the SL(3, C) case, his construction. 

The shape algebra is generated by V± ® V 2 (the linear polynomial functions in 
pi,P2,P3, <7i, 92, 93)- If i and j are in {1,2}, we consider the tensor products 
V l ®Vi. 

Let V l 3 be the irreducible module with highest weight Wi + zuj . We define 
an explicit injective map : 

yU — > yi 

by constructing a system of vectors generating V"- 7 . We consider all the 
orthocell C for st(3): C is the right coset in the weyl group W of sl(3), for 
a subgroup T generated by a set A of pairwise commuting reflexions, (A = 
or A = {s a; } (i = 1,2)). Among all these orthocells, we select the small and 
ij-effective ones, (See M for explicit definition). 

In the case of SL(3) we get fourteen small orthocells. Identifying the Weyl 
group as S3, the six " trivials" are: 

C° = {[123]} ; C 2 ° = {[132]} ; C° = {[213]} 

C 4 ° = {[231]} ; C 5 ° = {[312]} ; C° = {[321]}. 

and the eight "non trivials" are: 

d = {[123], [213]}: 
C 4 = {[123],[132]}: 
C 7 = {[132],[312]}: 



C 2 = {[132], [231]}; C 3 = {[312] , [321]} 
C 5 = {[213],[312]}; C 6 = {[231] , [321]} 



C 8 = {[213],[231]}. 



For any i,j the six trivial orthocells are ij-effective. Amid the others, we keep 
only d,C 2 , C 5 , C 6 , C 7 for i = j = 1, C 2 , C 3 , C 4 , C 5 , C s For i = j = 2 and C 2 , 
C3 For i = 1 and j = 2 (or i = 2 and j = 1). To each orthocell C, we associate 
a vector of y l <8> by the following rule : 

First we realize the Weyl group W as permutations matrices in SX(3), then we 
put w.eW = if e^ 1 ' is the highest weight vector for V 1 and finally : 

where C = {s ai w, a,; £ A}, L — A\L and sl is the product of s ai for in L. 



In the <SX(3) case we get the following 

e c° = e c° = ei ® ei 
eii = eJ4 = e 3 ® e 3 

e Cs = e c 6 = e 2 ® e 3 + <?e 3 ® e 2 



vectors : 

ei4 = e" = e 2 ® e 2 
e Ci = e c 2 = e i ® e 2 + <?e 2 ® ei 
e" 8 = e i ® e 3 + ge 3 ® ei 



e?? = e?? = (ei A e 2 ) ® (d A e 2 ) e?? = e?? = (e x A e 3 ) ® (d A e 3 ) 
e~ = e?? = (e 2 A e 3 ) £3 (e 2 A e 3 ) 

e C 2 = e c 3 = ( e i A e 3) ® ( e 2 A e 3 ) + q{e 2 A e 3 ) ® (ei A e 3 ) 
e C 4 = e c 5 = ( e i A e 2) ® ( g i A e 3) + q{ei A e 3 ) <g> (ei A e 2 ) 
e C 8 = ( e 2 A e i) ® ( e 2 A e 3 ) + g(e 2 A e 3 ) (g> (e 2 A ei) 



ej? = ei ® (ei A e 2 ) e^o = e 2 ® (e 2 A e 3 ) 

e£| = ei ® (ei A e 3 ) e£| = e 3 ® (ei A e 3 ) 

ei? = e 2 ® (ei A e 2 ) ei? = e 3 <g> (e 2 A e 3 ) 

ec 2 = e i ® (ea A e 3 ) + <?e 2 <g) (e x A e 3 ) ej? = e 2 (g) (e 3 A ei) + <?e 3 ® (e 2 A ei) 

With these notations V l i is linearly generated by the vectors where C is 
small and zj-effective jjj. 

Remark 1 This construction can be compared with the Demazure's one of a 
basis for an irreducible module for a simple Lie algebra jfy,in fact, the explicit 
C. Ohn construction gives a generating system only if the highest weight has the 
form Ai + A 2 where X± and A 2 are fundamental. 



1 / 



1 ( 






1 

'26i + 










1« 












^1 





For instance for V 1 <S>V 2 , the trivial small orthocells define in the dual of the 
cartan subalgebras the 6 vectors, image of the weight W1+W2 under the action of 
the Weyl group (the vertices of the hexagon) and the 2 nontrivial correspond to 
two representations of a subgroup SL(2, C) inside SL(3, C) (two of the diagonals 
of the hexagon), thus to 2 times the weight 0, the third diagonal corresponding 
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to a non small orthocell is excluded. 

Let us now choose invariant supplementary space for V lJ in V 1 © : 
V 1 © V 1 = V 11 © Vec{ei © e 2 - e 2 © ei; e 2 © e 3 - e 3 © e 2 ; 

ei © e 3 - e 3 © ei} 
T/ 2 © V 2 = V 22 © Vec{(ei A e 3 ) © (e 2 A e 3 ) - (e 2 A e 3 ) © (ei A e 3 ); 

(d A e 2 ) (8) (ei A e 3 ) - (e x A e 3 ) © (e x A e 2 ); 
(ei A e 2 ) © (e 2 A e 3 ) - (e 2 A e 3 ) <g> {e x A e 2 )} 
T/ 1 © = T/ 12 © Vec{ei © (e 2 A e 3 ) + e 2 © (e 3 A ei) + e 3 © (ei A e 2 )} 
T/ 2 © V 1 = V 21 © Vec{(e 2 A e 3 ) © ei + (e 3 A d) © e 2 + (ei A e 2 ) © e 3 } 

We refind the sixteen relations defining the classical shape algebra by considering 
the relations: 

(IJ)l2 = Ri2(ec) =&c, [J I) 11 and (i7) 22 are trivials. 
where i?i 2 is the isomorphism R12 : V 1 © V 2 — » V^ 2 © V 1 . Explicitly, wc find : 

(-O11 = fepj = PjPu (i < 3)} (1)22 = {qiqj = q 3 qt, (i < j)} 

(1)12 = {pm +P2q2 +P3<?3 = 0} (11)12 = {Piqj = qjPi, Vi, j} 

To define the quantum SL(3, C), we start with its representation theory, similar 
to the representation theory for classical SL(3, C). For instance, V 1 and V 2 
becomes 0: 

Jj^e*, = q< w ^ 3 >el 



K~ 1 p i — n -<w-GJi,f3> i 

"-p c w — q e w 



and 





= o, 




= e* 


if < wvui, (3 >= 1 




= 0, 




= 


if < wuji, (3 >= 


X ei 


= e i 

spin ■> 


Yp< 


= 


if < wuii, (3 >= — 1 



for = (1,2) and /3 = ai or a 2 . 



Now we define the quantum by: 



V tJ is still generated by the e^, irreducible, with the highest weight tUi + tOj. 
We choose supplementary spaces for in V % © by : 

V 1 ®V 1 ~ V 11 © Vec{(p iPj - qpjPr)*, (i < j)} 

V 2 © V 2 = V 22 © Vec{(q iqj - qq jqi )*, (i < j)} 

V 1 © V 2 = V 12 © Yec{(q- 2 Piqi + q- 1 p 2 q 2 + Psqs)*} 

V 2 © V 1 = V 11 © Yec{(qi P i + q~ 1 q 2 P2 + ff -2 ®^)*} 
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Now the sixteen relations denning the quantum shape algebra are : 

(-Oh PiPj ~ WjPi = 0, (i < j) 
(1)22 qtq - qqjqt =0,{i< j) 
(1)12 P292 + q^piqi + <?P3<73 = 
(1)21 q2P2 + qqipi + q^q^pz = 
{11)12 = (11)21 PiPj - qpjPi = i 7^ j 
V1P1 = qqipi, = q^qzPs- 

Since the quantum shape algebra is quadratic, we get here a description of this 
algebra. 

Theorem 1 (Quantum shape algebra for SL(3,C)) 

The quantum shape algebra is the quotient of the tensor associative algebra 
T(p, q) generated by pi,P2,P3, 9i, 92, 93 by the two sided ideal generated by these 
sixteen relations. 

Remark 2 In jlfl C. Ohn describe geometrically the preceding construction as 

G i 

a deformation of a sheme E canonically defined in / 

5 Geometrical construction for G\ and Co 

In this part, we try to adapt the preceeding construction for the cases of Go and 
G\. We denote by B and B x the "Borel subgroup" BnG , BDGi for G and 
G\, We associate to them the "flag" manifolds D = ^° / g and D\ = 1 /_g 1 . 
As in section || we get : 

D ~{\p],[q] GP(C 3 ), 93 = 1, pq = 0}cD 
Oi^{[p],[9]eP(C 3 ), 93^0, pq = 0}cD. 

Then Dq = D\ is a dense subset of D. The characters for Dq and D\ have the 
form 

( a\ b\ \ 

(n e Z) 




(ni,n 2 £ Z). 

Thus Xn lt n 2 \Bo = ail< ^ ^ e bundles ^1 X xi 1 „ ^ ~~ * ^1 an< ^ 

Go x x o C — > Dq are isomorphic for any ni 0. 

Let us consider now the space of holomorphic sections for these bundles. We 
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put Ui = Gi n U then : 

^/^-{fe^eC 6 , p^O g 3 ^0, pq = 0} 
G o/ Uo ~{(p,q)eC 6 , p^O q 3 = l, pq = 0}. 

As in section || we embed these spaces in P(C 7 ) and take their closure : 



G ^u x = G /u = i 



P 
Q 
1 



p.q = 0} 



G °/u„ = { 



p 
<1 
1 



> 93 = 



l,p.g = 0}c G i/ f/i 



but Go/^^G,/^ 

Theorem 2 (Space of section) 
• Ifnx < 0, 

jOiGx 



H ^ Ul / Bl ^nun 2 ) - H°( G °/ Bq , X 1) = {0}. 

• If n i > 0, then ^''(''VBj'^ni n 2 ) * s i n fi n itdy dimensional. 
More precisely : 

oo 

- ff0 ( Vsi'^i^)- U j"^ *- /B'Xn u l+n 2 ) 



and 

Similarly : 
and 



*h°( Gi / Bi >Xw) = ^Voi n 7^ 0}) 



H°( Go / Bo >xl) * \jH°( G / B ,Xn u i)\ q3 =i 



o f G 



2=0 



Uh q { Go /b^x1 1 )^o{G q/ ) 



Proof : First, the space of holomorphic sections vanishes if n = ni < since 
their restriction to SL(2, C) are sections of the usual line bundle : 



SL(2,C) x Xni , n2 C — SL ^ C) / BnS L(2 7 C) 

There are no restrictions on ni. 

As above, a section / in H°( Gi /b 1 , Xni,n 2 ) can ^ e y i ewe d as a homo- 
geneous function in x,y,z with degree rii + n2 in a;, rt2 in y and in 23. 
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/eff^Vfii'XJLnJ has the form 



ip(x,y,z) 



(det ff )^(g 3 (5)) r 

We multiply / by (detg) fc and we choose I as small as possible. 
We get : 



f 



Moreover, the covariance relation /(<7i&i) = Xni n 2 implies that <p is 

an homogeneous polynomial function with degree in z, I in y and ri\ + n-i in 
x. tp being U\ -invariant, since : 

Pi \ / 1 Vk o 



/ 331 


2/1 


> 













V ^3 


2/3 


z 3 y 





XI 



P2 ^ 0.0 1 

P3 — - / \ 1 



If xi ^ 0, we can write 



f(x,y) =^#^ for Pl ^0 
Pi % 



P2 % 



for p 2 7^ 



As in the section^, the function q l 3 f coincides in fact with a polynomial function 
in the variables p and q. Thus : 

(**) f{x,y) = -rF{p,q) (deg p F = m,deg q F = I + n 2 > 0). 

But now 1/(73 i s m ^( / {/)> we can n °t eliminate the denominator q l 3 . 

By the preceeding discussion, F can be viewed as an element of H°(p / Xni,l) 

and (**) proves that : 

00 1 

l=sup(0,-n 2 ) 3 

We don't have a direct sum since for instance: 



</3 



4e J ff°( G / B ,xo,o)nl J ff°( G '/ jB ,xo,i)n...nl J ff ( G / jB , X o,0 



93 q' 3 " 53 -° 3s -° 



Finally, G i = then a function / belongs to C( G i n {g 3 ^ 0}) if 

and only if / can be written: 



f(x,y) = ±F(p,q) (Z>0), 
83 
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where F is a polynomial function. Then F = ^2 ni n * F ni n ' 2 where F ni ^is a 
homogeneous with degree n\ in p, n' 2 in q or: 

/(*>«) = E E i^+ie J2 H °( Gl /B 1 ^ 1 ni , n2 )- 

ni,n' 2 >0 3 rai>0,n 2 >-2 3 ni,«2 

The sum is clearly direct. Similarly, since the bundle Go x x o C is the restriction 
to Go of the bundle G\ x x i q C (|]]), we have: 

H ° ( G ° / Bo - Xl t ) = # ° ( Gl / Bl , Xi, ,o)l« 3 =i 
this gives the last assertions of our theorem. 

6 Shape algebra for G\ 

Similarly to the G-case, we shall define the (classical and quantum) shape al- 
gebras for Gi as the vector space / jj fl {<?3 ^ 0}) of all the line bundles 
over J , 

At the classical level this algebra is generated by the space V\ © V% © V-\ where: 

Vi = Vec(p 1 ,p2,p s ), V 2 = Vec(q!,q2,q 3 ), V-i = C— 

In order to define the multipication law of our shape algebra, we need a large 
family of representations of G\ such that the representation tt, ® nj is a 
finite sum of some 7Tfc. 

Let us recall that G\ is a classical and quantum subgroup of G (see section 2), 
then each irreducible finite dimensional representation V x of G is a representa- 
tion, still denoted V x of G\. 

Since V x is generated by a highest weight vector (and its dual Vx by a lowest 
weight vector, the funtion pg 1 ^™ 2 ), then V x is an indecomposable representa- 
tion of Gi, generally it is not irreducible: the SL(2) module, generated by the 
highest weight vector, is a Gi-submodule without any direct factor. 
We select now, the family {{V -1 )® 1 ® V x ) ni >a,na>o,l>a as our family of rep- 
resentation for Gi the dual of such a representation appears naturally as the 

space of functions / in Oipt / jj (~l {(73 7^ 0}) of the form: 

f( x , V) = -T F (Pi 9) deg p F = m, deg q F = n 2 . 
% 

Especially it is generated by V-i, V\ and V 2 , since V-\ <g> V* and V{ ® V-\ are 
elements of our family of representation, there is no supplementary spaces, thus 
no relation like I— 12 or J_n . However, the shape algebra is no more a direct sum 
of our representation spaces. Thus we have to add a new relation 2 = I 2 _i 
since 

(V-if°®V ,o C V-i ®V 2 
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1 (g> 1 = — ®q 3 = q 3 (g> — 
93 93 

Thus the quadratic relations for the classical shape algebra of G\ are those of 
the classical G: 

hi, I\2 = hi, I22, H12 = I hi 

and 

h° 12 (l/g 3 ).« 3 = 1 

h°-i 93.(1/93) = 1 
H-11 (1/93)-^ = Pi- (1/93) 
//_12 (l/9 3 )-9i = 9i-(l/93) 

But the relations Ji-n and Ji_ 12 are consequences of /° 12 , ^2-1 an d ^j: ^Aj 
(*>0,j>0). 

Let us, now consider the quantum case, thus V 1 , V 2 are the restriction to G\ 
of the G module V 1 , V 2 , we define V~ x as the one dimensional space Cv with: 

X\v = Y\v = Y 2 v = 0, K\v = v, K 2 v = q~ x v. 

Then the quadratic relations in the shape algebra are: 

hi, I22, I12, hi, Hi2=Ihi 

and 

I- 12 (l/93)-93 = 1 

II- i 93.(1/93) = 9 

Theorem 3 (Quantum shape algebra for Gi) 

The quantum shape algebra is the quotient of the tensor associative algebra 
T(p,q,l/qs), generated by Pi,P2,p 3 , Qi, 92, 93, I/93, by the above relations. 

Indeed, the shape algebra is a quotient of the algebra defined in theorem 3 but 
if q = 1 this quotient has to coincide with O^i j y n {(73 7^ 0}) which is the 
classical shape algebra, thus our quotient is trivial. 
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